We study circularly-symmetric phase separation of vortex lattices in a rapidly rotating harmonically-trapped quasitwo-dimensional binary Bose-Einstein condensate (BEC) by introducing a weak quartic trap in one of the components. The increase of the rotational frequency in such a system is also found to generate a phase separation of the vortex lattices of an overlapping non-rotating BEC. The phase-separated vortex lattices have different structures for a binary BEC with inter-species repulsion and inter-species attraction. In the former case of a fully repulsive binary BEC, the phase separation of the vortex-lattices is accompanied by a complete phase separation of component densities. In the latter case of inter-species attraction, there is a partial phase separation of component densities, although there could be a complete phase separation of the generated vortex lattices in the two components. In the case of inter-species attraction, we need to have different intra-species repulsion in the two components for an efficient phase separation. We compare and contrast our results with the phase separation obtained in a harmonically-trapped binary BEC without any quartic trap.
Introduction
Soon after the observation of a trapped Bose-Einstein condensate (BEC) at ultra-low density and temperature in a laboratory [1, 2] , rotating trapped condensates were created and studied. Under slow rotation a small number of vortices were created [3] . With the increase of rotational frequency Ω, large vortex arrays were generated [4] . The vortices have quantized circulation as in super-fluid 4 He in bulk: [5, 6] C v.dr = 2π n/m, where v(r, t) is the superfluid velocity field, C is a generic closed path, m is the mass of an atom and n is an integer denoting the quantized angular momentum of an atom in units of in the trapped rotating BEC. As the rotational frequency increases in a rotating BEC, it is energetically favorable to form a lattice of quantum vortices of unit circulation each (n = 1) [6] . Consequently, a rapidly rotating trapped BEC is found to form a large number of vortices of unit circulation each arranged with a definite symmetry often in a Abrikosov triangular lattice [4, 7] . Because of the weak-coupling low-density limit of the trapped BEC, it has been possible to study the formation of vortices in it by the mean-field Gross-Pitaevskii (GP) equation.
With the advance of experimental techniques, vortex lattice structure with a large number of vortices has been observed [8, 9] and studied theoretically [10, 11] in a binary BEC. There has also been study of vortex-lattice formation in a BEC along the weak-coupling to unitarity crossover [12] . The study of vortex lattices in a binary or a multicomponent spinor BEC is interesting because the interplay between inter-species and intra-species interactions may lead to the formation of square vortex lattice [8, 13] , other than the standard Abrikosov triangular lattice [7] . In addition there could be vortices of fractional charge [14, 15] , coreless vortices [16] and phase-separated vortex lattices in multi-component spinor [11] and dipolar [13] BECs. The difficulty of experimental study of overlapping vortices in different components of a multi-component or a binary BEC is monumental and despite great interest in the study of vortex lattices in a binary BEC [17, 18, 19, 20, 21, 22] , this has limited the number of these studies [8, 9] . Hence for experimental investigation it will be useful to have phase-separated vortex lattices in a binary BEC, where the vortices of one component do not overlap with the vortices of the other component.
In a repulsive homogeneous BEC, phase separation takes place for [23] g 1 g 2 g 2 12
where g 1 and g 2 are intra-species repulsion strengths for components 1 and 2, respectively, and g 12 inter-species repulsion strength. This useful condition, although not rigorously valid in a trapped quasi-two-dimensional (quasi-2D) system, may provide an approximate guideline for phase separation. It is well-known that a phase separated vortex lattice in a binary BEC can be generated by manipulating the parameters g 1 , g 2 , and g 12 [11, 23] .
In this paper we consider a mechanism for efficient generation of circularly-symmetric phase-separated vortex lattices in a harmonically trapped quasi-2D binary BEC by including a weak quartic trap [24] in the first component when the first component stays on an inner circle and the second on a concentric ring, viz. Figs. 1(c)-(d) . Circularlysymmetric states with the symmetry axis coinciding with the axis of rotation can efficiently generate a large number of phase-separated vortices arranged with a definite symmetry. Unless the parameters g 1 and g 2 are very different and g 1 g 2 /g 12 of Eq. (1) is much less than one, the natural phase separation of a harmonically-trapped binary BEC results in a separation of two components in semicircles in opposite directions breaking the rotational circular symmetry [11] and such a state does not develop a good lattice structure under rotation. The weak quartic trap can cause an efficient phase separation in cases, where a phase separation would be impossible without the quartic trap, e. g. for g 1 = g 2 and/or g 1 g 2 /g 12 ≈ 1. Moreover, rapid rotation is found to enhance the phase separation of vortex lattices of a binary BEC with a weak quartic trap in one component. We find that if we subject such a non-rotating binary BEC with overlapping components to rapid rotation, phase-separated vortex lattices may result. No such phase separation in an overlapping binary BEC is possible under rapid rotation in the absence of the weak quartic trap.
Using mean-field GP equation we illustrate the phase separation of vortex lattices (a) in a harmonically-trapped binary BEC in the presence of a weak quartic trap in one of the components and (b) under rapid rotation of the same with overlapping components. In addition to considering the phase separation of vortex lattices for repulsive inter-species interaction, we extend our study to the case of attractive inter-species interaction [25] . In the case of interspecies attraction, there is a partial overlap between the two components; but vortex lattice could be generated in the phase-separated region of the component(s). In both cases − inter-species repulsion and attraction − we contrast the present phase separation of vortex lattices with that obtained in the absence of the weak quartic trap in one component.
In Sec. II the mean-field model for a rapidly rotating binary BEC is presented. Under a tight trap in the transverse direction a quasi-2D version of the model is also given, which we use in the present study. The results of numerical calculation are shown in Sec. III. Finally, in Sec. IV we present a brief summary of our findings.
Mean-field model for a rapidly rotating binary BEC
We consider a binary rotating BEC interacting via inter-and intra-species interactions. The angular frequencies for the axially-symmetric harmonic trap along x, y and z directions are taken as ω x = ω y = ω and ω z = λω. In addition a quartic trap in the x − y plane will sometimes be considered in the first component [24] . Now it is possible to subject the two components of a binary BEC to different confining traps [26] , when the two components are two distinct atomic species or two nearby atomic isotopes, such as rubidium isotopes 87 Rb and 85 Rb [1] , or caesium isotopes 133 Cs, 135 Cs, and 137 Cs [27] used in BEC experiments. In such cases of near-by atomic masses, the masses of the two species can be taken to be equal for all practical purpose. Thus in this theoretical study we will take the masses of two species to be equal. The quartic trap under rotation leads to a phase separation of the vortex lattice of the two components.
The study of a rapidly rotating binary BEC is conveniently performed in the rotating frame, where the generated vortex lattice is a stationary state [6] , which can be obtained by the imaginary-time propagation method [28] . Such a dynamical equation in the rotating frame can be written if we note that the Hamiltonian in the rotating frame is given by H = H 0 − Ωl z , where H 0 is that in the laboratory frame, Ω is the angular frequency of rotation, l z is the z component of angular momentum given by l z = i (y∂/∂x − x∂/∂y) [29] . However if the rotational frequency Ω is increased beyond the trapping frequency ω the rotating bosonic gas makes a quantum phase transition to a non-superfluid state, where the validity of a mean-field description of the rotating bosonic gas is questionable [6] . With the inclusion of the extra rotational energy −Ωl z in the Hamiltonian, the coupled GP equations for the binary BEC in the rotating frame for Ω < ω can be written as [24] i
where the two species of atoms of mass m each are denoted i = 1, 2, φ i (r, t) are the order parameters of the two components, N i is the number of atoms in species i, i = √ −1, r = {x, y, z}, ρ ρ ρ = {x, y}, ρ 2 = x 2 + y 2 , a i is the intra-species scattering length of species i, a 12 is the inter-species scattering length, κ is the strength of the quartic trap included in the first component. The functions φ i are normalized as dr|φ i (r, t)| 2 = 1. The following dimensionless form of Eqs. (2) and (3) can be obtained by the transformation of variables:
where for simplicity we have dropped the prime from the transformed variables. For a quasi-2D binary BEC in the x − y plane under a strong trap along the z direction (λ 1), the essential vortex dynamics will be confined to the x − y plane with the z dependence playing a passive role. The wave functions can then be written as φ i (r, t) = ψ i (ρ ρ ρ, t)Φ(z), where the function ψ i (ρ ρ ρ, t) carries the essential vortex dynamics and Φ(z) is a normalizable Gaussian function. In this case the z dependence can be integrated out [30] and we have the following 2D equations
where
. In this study we will take N 1 = N 2 which will make g 12 = g 21 maintaining the possibility g 1 g 2 and consider Ω < 1 [6] .
Numerical Results
The quasi-2D binary mean-field equations (6) and (7) cannot be solved analytically and different numerical methods, such as the split time-step Cranck-Nicolson method [28, 31] or the pseudo-spectral method [32] , can be employed for their solution. Here we solve Eqs. (6) and (7) by the split time-step Crank-Nicolson discretization scheme using a space step of 0.05 and a time step of 0.0002. There are different C and FORTRAN programs for solving the GP equation [28, 31] and one should use the appropriate one. These programs have recently been adapted to simulate the vortex lattice in a rapidly rotating BEC [33] and we use these in this study. In this paper, without considering a specific atom, we will present the results in dimensionless units for different sets of parameters: Ω, g 1 , g 2 , g 12 (= g 21 ), κ. In the phenomenology of a specific atom, the parameters g 1 , g 2 , g 12 can be varied experimentally through a variation of the underlying intra-and inter-species scattering lengths by the Feshbach resonance technique [34] .
First we consider the symmetric (g 1 = g 2 ) and fully repulsive (g i , g 12 > 0) non-rotating BEC (Ω = 0). We demonstrate a phase separation in this case in the presence of a weak quartic trap in the first component for an 
inter-species non-linearity g 12 above a critical value. Throughout this study we will take κ = 0.05 in all examples of weak quartic trap. To illustrate the phase separation in a non-rotating binary BEC, for an example, we consider g 1 = g 2 = 250 and vary g 12 . In Figs. 1(a) and (b) we show the contour plot of 2D density of the two components (= |ψ i | 2 ) for g 1 = g 2 = 250, g 12 = 150, κ = 0.05. We find that the first component shown in (a) due to a tiny quartic trap has smaller size than the second component shown in (b), but there is no phase separation. In Figs. 1(c) and (d) we show the same for g 12 = 228, where there is a circularly-symmetric phase separation due to the increased repulsion between the components with the increase of g 12 : the small-sized first component mostly occupy a hollow on the central part of the second component. In Figs. 1(c) -(d) g 1 = g 2 and g 1 g 2 /g 12 = 1.2 violating condition (1). A harmonically-trapped binary BEC with the parameters of Figs. 1(c)-(d) will lead to completely overlapping states, demonstrating that the phase separation in Figs. 1(c)-(d) is caused by the weak quartic trap. In the absence of the quartic trap and for g 12 above a critical value, the ground state is a phase separated circularly-asymmetric state with two components separating in semicircular shapes [11] . A circularly-symmetric phase separation is possible in a harmonically-trapped binary BEC for g 1 very different from g 2 and the parameter g 1 g 2 /g 12 much smaller than one. In Figs. 1(e) and (f) we display the contour plot of 2D density for g 1 = g 2 = 600, g 12 = 400, κ = 0.05. In this case there is no phase separation between the components, although the sizes of the two components are larger due to increased non-linearities g i , g 12 compared to those shown in Figs. 1(a) and (b) . There will be a phase separation in Figs. 1(e)-(f) if a larger value of g 12 is chosen as in Figs. 1(c)-(d) .
If we consider the binary BEC exhibited in Figs. 1(c)-(d) , where there is a phase separation in the absence of rotation (Ω = 0), and subject it to rapid rotation, quite expectedly, we will have phase-separated vortex lattice in the two components. However, quite unexpectedly, we find that in the case of the binary BECs shown in Figs. 1(a)-(b) and in Figs. 1(e)-(f) where there is no phase separation in the absence of rotation, phase-separated vortex lattice appears if subjected to rapid rotation. Rapid rotation acting in conjunction with a tiny quartic trap in one of the components facilitates a phase separation of the generated vortex lattice. It is well known that, in the absence of the weak quartic trap, rapid rotation does not generate phase separation in a binary BEC. To demonstrate this we subject the binary BEC of Figs. 1(a)-(b) to rapid rotation. The result of imaginary-time simulation of Eqs. (6) and (7) for non-zero Ω obtained with the parameters of Figs. 1(a)-(b) are presented in Figs. 2(a)-(f) where we show the contour plot of density of the two components for Ω = 0.85, 0.93 and 0.97. For Ω = 0.85 the phase separation is partial with a significant amount of atoms occupying the central region of the second component, viz. Fig. 2(b) . With the increase of Ω, for Ω = 0.93, we find that the phase separation is almost complete, illustrated by the quasi-black central region of the second component, viz. Fig. 2(d) . For Ω = 0.97 the phase separation is complete as seen by the black central region in Fig. 2(f) . In the first component, under a weak quartic trap superposed on a harmonic trap, the generated vortex lattice has the usual triangular form. In the second component, the vortices appear in circular arrays around the central hole. The vortices on different circular arrays are arranged in a triangular lattice, viz. Fig. 2(f) .
The evolution of the binary BEC of Figs. 1(e)-(f) upon rotation is shown in Figs. 3(a) -(f), where we illustrate the contour density plots of the two components for Ω = 0.80, 0.90, and 0.96. For Ω = 0.80 the phase separation is partial, for Ω = 0.90 it is almost complete, and for Ω = 0.96 it is complete. The numbers of vortices in Figs.  2(a)-(f) for Ω = 0.85, 0.93, and 0.97, respectively, are smaller than those in the corresponding plots Figs. 3(a) -(f) for smaller Ω = 0.80, 0.90, and 0.96 because the non-linearities in the latter are larger than those in the former. The larger non-linearities in Fig. 3 have generated a larger number of vortices for slightly smaller values of rotational frequencies Ω.
The usual way of generating a phase-separated circularly-symmetric harmonically-trapped non-rotating binary BEC (κ = 0) in the ground state is through an imbalance in the repulsive intra-species interaction (g 1 very different from g 2 ) in the presence of inter-species repulsion consistent with the approximate guideline (1). This is illustrated in Figs. 4(a) -(b) through a contour plot of 2D densities of a non-rotating binary BEC for g 1 = 100, g 2 = 500, g 12 = 300, Ω = 0, κ = 0. For g 1 = g 2 such a phase separated ground state does not possess circular symmetry. Once this binary BEC is subject to a rapid rotation, the phase separation continues and vortices appear with the increase of angular frequency of rotation Ω. This is illustrated in Fig. 4(c)-(h) for Ω = 0.82, 0.88, 0.94 through a contour plot of component densities. In the first component with smaller non-linearity, the generated vortex lattice has hexagonal structure. In the second component the vortices are generated in circular arrays around the central hollow: the vortices in different circular arrays tend to stay in a triangular lattice. The coupling between the two components reduces the number of vortices in both components. For example, if the inter-species coupling between the two components is removed and we consider a binary BEC with g 1 = 100, g 2 = 500, g 12 = 0, Ω = 0.94 the number of generated vortices in the first and second components are 19 and 43, respectively, whereas the numbers of vortices in the presence of inter-species coupling in Figs. 4(g)-(h) are 7 and 32, respectively, due to an increase in effective non-linearity in presence of inter-species coupling. If we had considered a smaller inter-species non-linearity, for example g 12 = 200 in place of 300 in Figs. 4(a)-(b) maintaining the intra-species non-linearities unchanged (g 1 = 100, g 2 = 500) the phase separation will disappear for Ω = 0. No phase separation will result under rapid rotation in this case as shown in Figs. 2 and 3 . The presence of a weak quartic trap in one of the components is essential for generating the phase separation under rapid rotation. Next we consider the possibility of phase separation of vortex lattice in the presence of attractive inter-species interaction, e.g. negative g 12 [25] . In this case there cannot be a complete phase separation of the component densities like in the case of repulsive inter-species interaction. However, there can be a partial or full phase separation of the generated vortices. We see in the following the conditions for achieving this. In the symmetric case, for g 1 = g 2 , there is never a complete phase separation of the vortices even in the presence of a weak quartic trap. For an efficient phase separation of the vortex lattices in the presence of a weak quartic trap we have to take g 1 g 2 . Such a clean phase separation is not possible in the absence of a quartic trap.
To demonstrate the phase separation for inter-species attraction, first we consider a binary BEC with g 1 = 100, g 2 = 500, g 12 = −200, κ = 0.05 in the presence of a weak quartic trap. In this case the vortex lattice is generated, under rotation, only in the second component with larger non-linearity. In Fig. 5 we display the contour plots of density of the two components for Ω = 0, 0.65, 0.88 and 0.96. In this case the vortices are formed in the second component in closed arrays. The vortices on different arrays stay on a triangular lattice. Next we consider the vortex lattice generation in the same binary BEC as in Fig. 5 without the weak quartic trap (κ = 0). In this case the generation of vortex lattices is illustrated in Fig. 6 for the same rotational frequencies, Ω = 0, 0.65, 0.88, 0.96, as in Fig. 5 . For κ = 0, with the increase of Ω a vortex lattice appears in the first component also, viz. Fig. 6 , e.g. seven vortices arranged in a hexagonal lattice in Fig. 6 (g) for Ω = 0.96. In the second component the vortices are arranged in perfect hexagonal lattices with 7 vortices in Fig. 6(d), 19 vortices in Fig. 6(f) , and 37 vortices in Fig. 6(h) for Ω = 0.65, 0.88 and 0.96, respectively. There are two differences in generated vortex lattices in Figs. 5 and 6 with and without the quartic trap. First, no clean hexagonal lattice is generated in the presence of the quartic trap in Fig. 5 . Secondly, as the quartic trap highly inhibits vortex generation [24] , no vortex lattice is generated in the first component in Fig. 5 .
Summary and Discussion
We have studied the generation of phase-separated circularly-symmetric vortex lattices in a harmonically-trapped repulsive quasi-2D binary BEC with identical intra-species repulsion in the two components and with a weak quartic trap included in one of the components. We find that the weak quartic trap facilitates a phase separation of the vortex lattices of the two components for parameter domain leading to overlapping binary BEC in the absence of the quartic trap. For example, the phase-separated binary BEC with a weak quartic trap of Fig. 1(c)-(d) becomes overlapping upon removal of the quartic trap. According to guideline (1) the parameters of the binary BEC of Fig. 1(c)-(d) should be overlapping. Rapid rotation of a binary BEC with a quartic trap in one component further enhances the phase separation. For example, the non-rotating overlapping binary BECs shown in Figs. 1(a)-(b) and in Figs. 1(e)-(f) generate phase-separated vortex lattices under rapid rotation as shown in Figs. 2 and 3 , respectively.
We also considered phase-separated vortex lattices in a binary BEC with inter-species attraction. In this case there is never a full separation of component densities. An efficient separation of the vortex lattices of the two components is possible if we take different intra-species repulsion in the two components. In the presence of the weak quartic trap in one of the components, it was possible to generate vortex lattice in one of the components in a region where the density of the other component is zero, viz. Fig. 5 . In this case the vortex lattice is generated in closed arrays with the vortices on adjacent arrays lying on a triangular lattice. In the absence of the quartic trap, with the increase of angular frequency Ω, vortices were generated in both components and only a partial separation of vortex lattices of the two components was possible as shown in Fig. 6 . Different from Fig. 5 , the generated vortex lattice in this case has perfect hexagonal form. With present experimental know-how phase-separated vortex lattices can be generated in a laboratory.
